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Scheduling

Theoretically as well as practically, a job shop scheduling problem is a
difficult task. The difficulty is due to higher number of constraints, which
are unavoiadable in the real world situations. This problem is a
combinatiorial optimization of considerable industrial importance. This
paper investigates the job-shop scheduling problem with imprecise
processing time and use the fuzzy numbers to represent imprecise
processing times. We first use triangular fuzzy numbers to represent
imprecise processing times, and then construct a fuzzy job-shop
scheduling model. The objective of this paper is to extend the
deterministic job-shop scheduling problem into a more generalized
problem that will be useful in many practical situation.
Keywords: c - completion time.
t - processing time.

t, C - level 1 triangular Fuzzy Number.
DM - Decision maker.

Introduction

The job-shop scheduling problem is concerned with allocating
limited resources to operations over time. Between the operations
precedence constraints for a job can be defined. Although job-shop
scheduling has always had an important role in the field of production and
operations management, it is a difficult problem in combinatorial
optimization. The difficulty is due to the high number of constraints,
unfortunately unavoidable in the real-world applications. The job-shop
scheduling problem can be described as follows. We are given n jobs and
m machines. Each job consists of a sequence of operations that must be
processed on m machines in a given order. Each operation must be
executed uninterrupted on a given machine for a given period of time and
each machine can only handle at most one operation at a time. The
problem is to find a schedule, an allocation of the operations of n jobs to
certain time intervals on in machines, with a minimum overall time.
Objective of the Study

In this study, we investigate a job-shop scheduling problem with
imprecise processing time and use fuzzy numbers to represent imprecise
processing times in this problem. The main interest of our approach is that
the fuzzy schedules obtained from (1-5 )are the same type as those in the
crisp job-shop scheduling problem. The fuzzy job-shop scheduling model,
in the case of imprecise processing times, is then an extension of the crisp
problem.
Job-Shop Scheduling Problem

The deterministic job-shop scheduling problem is stated as
follows. There are n jobs to be scheduled on m machines. Each job
consists of a sequence of operations that must be processed on m
machines in a given order. Each operation is characterized by specifying
both the required machine and the fixed processing time. Several
constraints on jobs and machines, which are listed as follows:
1. Each job must pass through each machine once and only once.
2. Each job should be processed through the machine in a particular

order.

3. Each operation must be executed uninterrupted on a given machine.
4. Each machine can only handle at most one operation at a time.

The problem is to find a schedule to determine the operation
sequences on the machines in order to minimize the total completion time.

Let C, denote the completion time of job i on machine k, and t; denote
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the processing time of job i on machine k. For a job
i,if the processing on machine h precedes that on
machine k, we need the following constraint:

Cik — tik 2 Cin

On the other hand, if the processing on machine k
comes first, the constraint becomes

Cin — tih 2 Cik
Thus, we need to define an indicator variable X, as
follows:
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{l, processing on machine h precedes that on machine k for job i
Xihk =

0, otherwise
We can then rewrite the above constraints as follows:
Ci — by +LA—X4,)=Cy, i=1,2, .0, h k=
1,2,....m

Where, L is a large positive number.
Consider two jobs, i and j , that are to be processed

on machine k. If job i comes before job j, we need the
following constraint :
Cjk — Gy = tjk

Otherwise, if job j comes first, the constraint
becomes

Ck —C ik Ztik
Therefore, we also need to define another
indicator variable Yj; as follows.

Yiik
{1, if jobi precedes job jon machine k

0, otherwise

We can then rewrite the above constraints as
follows :
Cyp —Cy *LA-Yy) =ty bi=1,2....n k=
1, 2,....,m

The job-shop scheduling problem with a
makespan objective can be formulated as follows

min max [max{max| c, 1]

1<k<m I<i<n (l)

st. ¢y —ty + L= Xy ) = Ci=1.2,

.,n hk=12 ..,m

)

Ci —Cy + L= Yy ) 2ty,ij=1,2 .., n k=

1, 2,....m, 3)

Cy 20,i=1,2..,nk=12..,m

(4)

Xihk=00r1,i=1,2, ..... , N, h, k = 1’ 27 T 1
(5)

yijk =0or1,i, j=1,2,....n, k=12, ... m,

Constructing a Fuzzy Job-Shop Scheduling
Model.
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Imprecise Processing Time

As in real life situations, some unexpected
events may occur, resulting in small changes to the
processing time of each job. Therefore, in many
situations, the processing time can only be estimated
as being within a certain interval. Because of this
interval estimation feature, the representation of
processing time for a job can be more realistically and
naturally achieved through the use of a fuzzy number.
As a result, decision-makers (DM) do not need to give
a single precise number to represent the processing

time of a job. We use tjk , the processing time for job j
on machine k, to denote the process time for each job
in this paper. However, '[jk is just an estimate and its

exact value is actually unknown.
A Fuzzy Job-Shop Sequencing Model

Consider the schedule for the job-shop
problem is performed several times in practical
situations. Obviously, the processing time for this
schedule at different execution times is not
necessarily the same. Therefore, an estimated

processing time interval, i.e. [t} — Ajkl, t+ Ajkz]
should be given to represent the possible range of
values for the processing time. Thus the use of
interval [t} — Ajkl, ty+ Ajkz] is more appropriate

than the use of a single estimate, tjk, in practical

situations. The DM should carefully determine the
parameters A ;;and Ay, , which satisfy 0 < Ay, <

'[jk, o< Ajkz for defining an acceptable processing

time range for any particular problem. After that, the
DM can choose an appropriate value from the interval

[t— Auq L+ Ajol as an estimate for the
processing time for the job j on machine k. Obviously,
when the estimate happens to be tjk, which is the
crisp processing time, the error rate is zero. When the
estimate deviates from'[jk , the error rate will become

larger. In fact, we can use the term "confidence level"
instead of "error rate" while we consider processing
time interval based on the fuzzy viewpoint. We can
therefore say that the confidence level is one if the

processing time estimate equal totjk. Otherwise,

when the processing time estimate deviates from'[jk ,

the confidence level will be smaller. Finally, when
estimates approaches one of the two ends of the

interval, i.e. ty - Ay, or ty + Ay, the confidence

level will be close to zero.
A level 1 triangular fuzzy number

corresponding to the above interval [t — A, T

+ Ay, is given as follows :



P: ISSN NO.: 2394-0344
E: ISSN NO.: 2455-0817

tjk = (tjk _Ajklltjk ' tjk +Ajkz;l) eFR @,

(6)
0< Ay <ty-0<Ay,, =12 ...n,
k=1,2,....m.

Fig. 1 : A triangular fuzzy number tjk
A
1
. o e X
. - . L
0] "k SR TR Ta T 850

Fig. 1 shows a level 1 triangular fuzzy

number tjk From fig. 1 we can see that the

membership grade at t;, in '[jk is 1. However, the

more the fuzzy number deviates from the tjk
position, the lesser the fuzzy numbers membership

grade in '[J-k . The membership grade at tjk - Akt or

tjk + A k2 is zero. Of course, we can see that the

confidence level for an estimate in the interval
corresponds to the membership grade of a fuzzy
number in the fuzzy sets. This concept naturally
leads to the use of fuzzy numbers for the processing
time in the job-shop scheduling problem.

Let Cik =(Cy,Cy . Cy:1)=(Cuk) e Fy@. @

Now we define ranking on triangular fuzzy
numbers, so that fuzzify (1) - (4) using (6) and (7) to
obtain the fuzzy job-shop scheduling problem.

Here, we present a new method for ranking
triangular fuzzy numbers which considers the incircle
of a triangular fuzzy number. The incircle of a triangle
is that circle which just touches all three sides of the
triangle. The proposed method can also rank the crisp
numbers and triangular fuzzy numbers with the same
centroid point. The presented method is based on the
uniqueness of the incircle of a triangle which is given
by the following theorem:2
Theorem 1

The angle bisectors of a triangle intersect at
a common point | called the incenter, which is the
center of the unique circle inscribed in the triangle
(called the incircle).

Let us suppose that three vertices of a
triangle AABC are located at (Xa, Ya), (X, Y8), and (Xc,
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yc) and the opposite sides of the triangle have lengths
a, b, and c respectively (see Fig. 2). Then Heron's
formula tells us that the area of a triangle is
determined by the lengths of its three sides.
Fig. 2 The Incircle, Incenter and Inradius of
triangle AABC

A= (anyA)

B = (zB,y) @ C = (zc,yc)

Theorem 2
The area |AABC|of triangle AABC in a
Euclidean space R" is given by Heron's formula

IAABC| = /s(s—a)(s—b)s—C), crrurrrrernns @

a+b+c
Where, s= ———

is the semiperimeter
of the triangle.

We now give a lemma that allows us to
derive a formula for the inradius of the incircle.
Lemmal

The area

AABC|of triangle AABC in a

Euclidean space R" is equal to the product of its
inradius r and semiperimeter s.

Using Theorem 2 and Lemma 1 we get
formula (2) for the inradius of r of the incircle as
follows :

_ |AABC]
T

_ s(s-a)(s-b)(s—¢)

S

|AABC| =rs =

@)

On the other hand, since the incenter | of the
incircle is the point on the interior of the triangle that is
equidistant from the triangle's three sides, it is not
difficult to derive formula (3) for the incenter.

Theorem 3

The incenter | of triangle AABC in a

Euclidean space R" satisfies the equation.

06 Y) +D06 V) + S0 Ye)
P

Here, P = a + b + c is perimeter of the
triangle AABC.
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Now, let us use these results to rank

triangular fuzzy numbers. Let A = (a, am ay) be a
triangular fuzzy number (see Fig. 3). Then:

(Xa,ya) = (@m, 1), (xs,ys) = (a, 1),, (xc,yc) = (au, 0)
and by the distance formula we get,
a=ay-a,

b= \/1+(au -a,)’, c=\/1+(am—a1)2,

P=(a,-a1)+

VLt (a, —a,)" + {1+ (a, —a,)?

(4)

Fig. 3 Triangular Fuzzy Number A with Its
Incircle, Incenter and Inradius.

pilz)

I
A
_ a'u _al
(@, —a)+l+(@, —a,)* +1+a, -a)®
(5)
(& -8) @)+ 1+, -, @0+ 1+, -a) (0
L(X_,y.)— P 7
w5 (8, -8)+1+(a -8 ) +L+(2,-a)

(6)
Furthermore, since the base of the triangle
lies on the x-axis, and the incircle is tangent to the x-

axis, the ordinate of the incenter Y. < 1/2 (See Fig.
A
3).
Let A =(@m- €1,am an+ €,) be a

triangular fuzzy number, where €,, €, are arbitrary

small positive real numbers. Then using (5) we get

€, +¢g _0

lim r = lim
Q0T A we0 (g, )+ (l E +4f(1+ €

Similarly, using (6) we obtain

RNI No.UPBIL/2016/67980

10

VOL-3* ISSUE-11*(Part-1) February 2019

Remarking An Analisation

(g, +€,)a,+(a,-<) \/1+ eg +(a,+e,) 1+ ef

T S N e P T
_ay
S 2
Since, Y. = '=wehave |_ (X, Yy )=
A A A A A

a -
(7"],0] . Therefore, if triangular fuzzy number A

(a, am, au) is a crisp number, that is, aj = am = a, then

we can assume that I. =0and |- = (@m, 0).
A A

It is obvious from (5) and (6) that the incenter
and inradius of a triangular fuzzy number continuously
depend on the parameters al, am and au. Therefore,
an immediate idea that comes to mind is to rank
triangular fuzzy numbers with respect to their
incircles. Using the notations given above, intuitively,
and being consistent with results in the literature, we

define the rank of the triangular fuzzy number A = (a;,
am, au) as

Rank(A):(xN—lyN,l—yN,amj 7
A 2°A A

That is, the rank of the triangular fuzzy
number is a triplet which depends on its incenter and
peak point.

The job-shop scheduling problem with imprecise processing time
modeled by fuzzy number is as follows:

min ;?&xm[{gg[cm Il 8)
SL gy =ty +L0=x3)2 ¢4, 121, 20m, hk=100m )
¢ =0 H U= 3) 205 ij= 10y, k=10 (10)
¢ 20,i=12.,m, k=12,.,m (11)
=00l i=12u,n, hk=12,.,m (1)
Vit s0orl, i, j=12,,n, k=12,..,m
Conclusion

The interpretation of Fig. 1 is as follows :
When Aje > Aja, V], K, the triangle is skewed to the

right-hand side, thus obtaining t;k > 1, Vi, k.
This means that the completion time in the fuzzy
sense is longer than in the crisp case. Conversely,
when Aje < Aja, V], K, the triangle is skewed to the

left-hand side, thus obtaining t]-kk < tjk, Vi, k,

indicating that the completion time in the fuzzy sense

is shorter than the crisp case .
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